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AUTHOR'S NOTE
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e0edially.indebted to DaveWiley and Annegret Harnischfeger,

Ter their lucid discussion of the problem of,

_undimdnsionality of. CAP Skills arid the. peneteating ana-

TYSes of the phenomenon. I,' of course, retain sole.respon-

sible for any remainibg errors .of legic or-execution., The

views expressed here are not necessarily those of the Cali-°'

fornia Department of Education.
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.ABSTRACT

This paper reports the results of_aninvestigation of the

unidimoyetionalityof the reading and mathematics- tests -cif
......

. -.
0 _

.;

the California'Assessmerit Program. Item.intepcoTrelation
-

. -- . : . i'
.. .

matrices were tonStruote for, eadr010_111, .ondYthe latent
.- . t..

. , %

. e ,s
.

.

roots extracted.
p

Othods,O1 putlidr analysis' are, applied to

look for large'drops in the size of the la tent' roots from,

each matrix. Results Of fa6tor analyses are examined, and

item content is examined'to check the Outcomes of the sa-
tistical procedures.
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INTRODUCTION

. In1980 he,California Assessment Program, (CAP) ,intro-

duced a new test for the third grade, which is administered

each spring to more. than 280,000 students. Scaled scores

are teportedfdt.60 different skills in reading, written

language, and mathematiCi.'.The-model used to estimate the

scores is based on item response curve (1 C) theory, and

'includes parameters for the difficulty and reliability of

items (Mislevy and Bock, 1980).
S

The mathematical model used to measure performance on a

CAP skill, ,assumes that the probability of success on an

item depends only on the item parametert and on examinee
. e t o

ability. This is the assumption of unidimensionality. Lord,

°
(1980, pp.' 20 -21) suggests thalt if the items measurecone

dimension, and if the IRC model holds, ,then the matrix of

tetrachoric intercorrelations will be of unit rank. To
.

,

examine, this possibility Lord suggests- plotting the latent #

roots Of the correlation matrix, "If (1) the first root is.

- i
selarge compared tothe second and (2) the. second root is not

much larger than any of the dihelp, then the items are
S

, . -

approXimately unidimensional.4, 'A direct applicNon of this'
.

. .1,
. . ...

procedure-"to CAP's 'third grade test is not possible for

' several reasons. The CAP test has 30 forms and is adminis-
.

4

1

4



'

-4-

o

t 2

tered according to a multiple matrix sampling design.

Although skills contain from-ten to twenty items, each stu-

dent sees at most one of these. Furthermore, the school is %

the basic unit for reporting and analysis. Mislevy and Bock
p

(1980) describes the application of IRC theory to this situa-
.

tion.% They note that "under the CAP multiple matrix saM-

plirw design, each of a school's responses to items from a

given skill has been obtained from a different randomly_

selected pupil.' For the school level analysis, then; the

standard assumption in IRC theory of '1qcal' or
.

* 'conditional' independence is satisfied perfectly." Misle-

vey and Bock's paper contains a detailed..potount of the;
1,

derivatiOn of scores.

An analysis of unidimensionality of CAP skills was under-
.

taken by Wiley and Harnischfeger (1981) using data and ana-

lyses supplied by the author. Their procedure involved

examination of the distribution of successive differences of

logarithms of.roots to locate differences in Oacing of
A 12*

roots'which'might indicate discrepancies in root size.

rb

,Method

r
Materials and procedure? The third'gradetesf wts admin-

isteeed:duHng 'April of 1*0 to all third grade students

- - .4

'according to standardized procedures ley school Personnel.
,

Each student, was' asked :to Complete one. of thirty different

forms, spiraled to insure ev en distribution of, all forms,
. -

t
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each form contqining,nine reading items, twelve mathematics,
.

...-

'and thirteen written, language items. Allocation. of reading .

..,
.

. . -

and mathematics items to skills'is' shown in Tables 1 and 2.
'A.

t

,

, Ample time was allowed for completion:* After test-adminis-
1 I

tration the documents were.Collected and processed off-site.

1
'

.
. !

Insert tables 1 -and 2 about here.

Procedures for, development of the items were designed to
4*°

N,.
assure content validity.' Specificatibns-for egch'sall were

careuliyilittand narrowly defined. Items were written. in

accoi.dance'dwith the specifications and underwent, several

rounds of content review and field testing: Given the rela,

tive fineness of kiefinitiOn of specifications, these proce-

durended tossupport the hypothesis of undiminsionality

of item content in each skill., This is a matter-of consid-
.

ered,logical,'and not statistical judgement. While statis-

tioal procedbres dis6ussed here provide a useful adjunct for

making a judgement of unidimensionality, they are not pro-
.

posed as a definitive criterion. 0

4

a -,

Analysis. For each item in a lkill, the number of

attempts and the number of correct responses were tabulated

and used to calculate a logit item score for each school.

Only larger schools, having at least two responses/60er item

"r Were included in the analysis. Latent roots Oere extraciiked

Its
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from.the-intercorrelation. matrix of the logit iten scores.
: .

The Matrix was factor analyzed by the principal axis method,

factors with eigenvalues greater tha1.0 were retained, and

varimax rotated. This .procedure was repeated, for each of

the 17 reading skills and' the 20 mathematics skills.

Statistical procedures described by Barnett and Lewis

(1978) used to examine distributions for outliers can be

applied to examine the hypothesis of. unidimensionality.

Lord's procedure asks whether the second root, in addition ,

to the first, is large with respect to remaining roots.

This is like,asking whether the second root, in'addition to

the first, is an upper outlier with respect to remainnb

roots. If the answer "is yes, this can be interpreted as

lack of support for the hypothesis of unidimensionality.

A class of statistiCs'dismussed by Barnett and Lewis

involve_taking ratios of difference scores. The numerator

of the ratio is the difference between the outlier and some

function of the remaining observations. The denominator is

a measure of spread, such as a range or standard deviation.

The search for more than one upper outlier may involVe con-

secutive or sequential testing. Each value is compared with

its next lower, neighb6r or with a linear combination Of

lower neighbors.

t
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Results

1.%

9

I

Tabil 3 displays for each skill the first .two roots, ;the.

mean of the remaining roots and the ratio.

(root2-mean)/(rOotl-root2). Relatively larger ratios can be

interpreted` in terms of a,aecond root that is closer to the

first root than:to the mass of remaining roots. In , genera.,

math skills tend to have larger ratios and smaller initial

rootlfthan reading, skills. The largest ratio belongS to the

nature of numbers-money and fractions skill.

Insert table 3 about here,

Figure f is a scatterplot with (rootl-root2)/range. and/v

_(root2-Mean)/range on the horizontal axis. Reading skills

.areidenoted by '"R", and mathematics skills by "M". Using

the range as a divisor tended to produce a straight line

plot, as shown, while similar plots using no divisor or the

standard deviation were more amorphous, e.g. figure 2. .The

reading skills are grouped in the upper left corner of the

plot. This indicates that in reading there was a larger
4,A

'drop from the first to the second root than. in in math, and

that the ksecond root in reading tends to be closer to the

mean of remaining roots. The two extreme points in:the

-lower right of the plot represent money and fractions and

basic skills operations.

6
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Insert figures 1, 2, 3 and 4about here.

Figure 3 is a plot of the roots of the money and frac-%
tions skill. For comparison, purposes figure 4,is a plot of

the roots of the nature of numbeFg applications skill. The

second plot corresponds more nearly to the ideal for a uni-
v

dimensional skill. Plots of the logs of the eigenvalues for

these two skills are sown in ligures,5 and 6. The first

root is off the scale on both plots.' The roots for.t4e'

applications skill appear to form an .unbroken curve, while
0

the root's for 'money and fractions do not; , 'with ttie second

and possibly the third root seeming' to deviate,

;nsert figures 5, 6, 7 and 8 about here.

A plot of the linear refire on of the logs. of the roots

on serial position, excluding th first root, is shown in

Figure' 5. The equation of tJie line is y(predicted)

- .054Mx + .347 . .With the exception of the second root,

most of the points lie close to t he line. 04.yellthat its

ideviatiOn is .137, and the the standard'error of estimate is
to

.055, this point'is 2.5 stanOrderrors.from the -line.

Figures. 7 and r 8 display consecutive differences of logs

of roots: That is, the first value is (logl-log2), the sec-
..

.
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and is .(i.og2 - log3), and. -so on. Again, for money and
, t

*,

fractibfis the 'decond root does nottappear to' belong to the

remaining mass. BircOntrast, the a6lications ski,11-has one
. . '

go
4 .

.

'large initial difference,- followed by a sequence of much_

smaller differences having no apparent upward or'downward

trend.

0

two involve translating numeric to longhand written4amounts.

For reference with the factor analysid, the items in the
ft

money and fractions skill are displayed insthe appendix,

.

Based on lOgibal.anarysis of content, tbere app6ar to be two

distinct types: ,Those involving the shading of a geometric
. .

fibure; and those relating to money. , There are several

major variations in format- Seven money items involve

.

transkating a picture of coins into,an amount of money, and

t

Three fractions items involve translating a numeric fraction

into a.shaded geometric shape and the remaining involve ,

translating a shaded shape into a particular numeric frac-
,

.

tion*

1

, Results of the factor analysis are shoWn in Table 4.

Although na,totally unambiguous, some pattei4 may-be did-

cerned. Items 2, 3, 4 and 6 (fractions) load positively on

,`;'factor one. Items 8 and 10,. and to a lesser extent 12 and
. .

14'(money), loaded positively on factdp two. Items 5, 11

and 13 money) loaded nebatively on factor three: ,The;.situ-
.

ation is not as clear for factors foul and five. Items

.11

0 Alb
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.kfractions) at d 12 and 13 (money) load on -factor four, and

items 1 and 15 (fractions) and 7 and 11 (money) load ioosi-

tively on factor five.

a.

A ,
. ,items 2; 4 and 6 load on factor one, and items 1 and 15 load
. .

.

.

oNfacter* ,5. Unexpecteay, item 3 loads on factor one
....`

'While the evidence for a 'format effept is suggestive, it

e
. - .

,

i.
. ....,.

-certetinlii ,s not .conclusive 4 similar, result obtained with
\1. -

..-..

.

.

money items'f andormats. 'Items 9 and 11, involving translation'
,

,

of of numeribal and written amounts, did load together on

4

Insert table 4.about here.

A question remains as'to the extent item formats might

ffave influenced the' factor loadings. One of the fraCtion

item formats includes a fraction in the stem and options are

g9omptr,ical figures (items 1, 3, and 15Y. 1* other frac-

tion item format in ludes a geomktrical figure ,in,the stem,

and the ,opttgns are fractions ( items 2,'4 and 6) . In fact,

or

7

<1

factor three. Unexpectedly they are `joined by ,item 5,

1.5 which involved redognitiori ofa coin denomination. Addi-
.

,°
- .Y,

tienallya: item. 11 loaded rather -heavily' on factor five,
1, c.--

which seems to contain' a little of-everything.

4

. One of -the striking features of Table 3 is the difterence ,d

between mathematics and reading skills.. Reading skills tend

Discussion

4

tr.

12
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to have'larger initial roots, smaller ratio, a d have a

smallerrange4of ratios. By contrast the mathematic ratios

have,a much greater range, with basic facts operations and

X)
money and fract One as two upper values. If the ratio by

itself could be'considered an index-Of unidimensionality, it
O

,seems that reading_ skills are More so than mathematics
0

Even so, it is true that great care was lavished

on skills to assure narrowly defined content. PosSibly var-

iations in mathematics item formats,. which have no corre-

4

sponding counterparts in reading, are partly responsible for

the differenCe.

The plots'of difference statistics, 'figures 1 and 2, show

a clumping and segregation of reading skills, confirming a

similar trend in Table 3 of roots 'and-ratios. Again, the

,

two-Math' skills which stand out from the-:Irest are basic

facts operations and money and *actions._

Figure I, with its' nearly linear plot 'stands iri contrast.

to the more amorphous shape of figure Z. The- effect of

dividing by the range increases, the value of ofthe variable

on the ordinate, (rootl-rootZ)/range,- relative to the value

on the abscissi, (rooti-mean)Arange. FOr'siiils with relt-

tively,large second roots the values ori'the _ordinate are .

small relative to ihose'on the absciSsa. As aresuli,' the. '

-

plot displays such outlting skills, on the lower right.

i34(a
4
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Figure 3 is a plot\ef the latent roots-for money and
-1.;1*' c,
.,!,,l.., . -^".' . .

. fractions, and figure 1.4" *j.ays the roots for the applica-

Aions\skill. The relatively larger second root of money andrelatively
. , ,..ik,, '.;t,,:

k `-=''',.-.
. I. ,

fractions is the main difference between the two plots. The

remaining figuresattempt to makeithe 'difference more evi-
..4,V;- .

,i/: dent. If the logs of the roots are plotted, e.g. in figures-

4 and 5, the descreaSe in value of the roots with increasing

serial position is more evident'. 'I Tentatively, one can com-

pute a regression line.. deviations from the line. On this

basis the second root of mghey and fractions was shown to be

an outlier. Visual inspection of the applications riots
44&p

indicates no such outliers. ,Certain limitations of this

approach must be acknowledged. It 4$ assumed that the dis-
ot

tributions of latent roots satisfy those needed for regres-

sion. Even if tliese assumptions do not strictly hold, -it '

may be that the anaWsis.yieldsin-acceptable rule of thumb.,

and in this case it appears to be so.

Figures 7 and 8 are plots of differences of successive

pairs of eigenvalues for the two skills under consideration.

Large values indicate a large drop in root size. The

C

results are generally consistent'with earlier figures. The

applications skill showSa large initial drop, followed by

much smaller diffenges. The money and fractions skill shows

a much smaller initial drop, followed by relatively large

second and third differeces, with the remaining differences,

similar, to those in applications.-

.14
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Comparison of the factor loading, displayed iri Table 4,

with the iteMs,in the appendix jseems to:confirm that factor

one iespresents mone li1W6nd,that factors two .and three'

represent fractions. Factors four anf fixe were mixed.
t:z

There was some evidence for format factocS. However, this

hypothesis was clouded somewhat by the potpourri. of items

\t.

loading, on factors fourand five.

.
Several techniques havegeen presented for examining the

hypothesis of unidimensionality. The evidence does .not sUp-,

port this rothesis for the money and fractions skill, but

did not contradict the hypothesis for the applications

skill, The result confirmed a feature tha had,been built

into the test. The honei, and fractions skill was designed

to have two types of items. This was the legitimate and

considered decision of'the committee responsible for design

of the test, and related to a peed for a certain type of

'score. Making statistical judgements-about unidimensional-

itywaS aided considerably by the presence of many other

skills for comparison purposes. This helped provide a sense

of what was genuinely unusual and what was a mildaberra-

tion. In addition, there were definite differences across

content areas. ,Comparison of an isolated' mathematics skill

with an isolated re4dingskill.woIld have been misleading.

In hindsight, it seems important to be aware of such differ-

'

ences.

15
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Examination of the figures is probably a reasonable way

to Make judgementi about unidimensionality, Stilj.-; there is

often a felt ~deed to,r a statistic and a significAnce test.

. Keeping in Mind caveats about the assumptions of regression

it seems that examination of residuals would be

one way to procede. In final analysis one must take a close

look,at item content. Here factor analysis proved to be a

-useful adjunct...

`It

, a,.
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Table 1

Survey of Basic Skills: Grade 3i,:

Reading Items

Skill area Number of items

Word identification 60,

Phonics 30-

Vowels 15

Consonants 15.

Structural analysis 30

Prefixes, suffixes, and roots 18

Contractions and compound words 12.

Vocabulary 3
Recognizing word meanings 16

Using context' 14

Comprehension 150,

Literal .
74

, Detail 3'7

- From a *Ingle sentence 20

- From two or three sentences 17

Pronoun references 18

Sequence 19

'Inferential 76

Main ideas 19

Cause and effect e, 20

Drawing conclusions 37

- About characters 15

- from details' 12

-,From overall '10
,

Study* locational , 30

. .

Alphabetizing
Table of contents ' 15

*,

°

.1 .....1,,,tra
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Skill area

Table 4.4

Survey of Basic Skills: .''Grade 3

Mathematic Items

441unting and place value

Skills
Applications

Operations

Basic facts
Addition
Subtraction
Multiplication
Applications

Basic facts

Addition/subtraction
Multiplication

Nature of numbers lit properties

Propectiesiand relationships
Money and fractions
Applications

,Geometry

Skills
Applications

Measurement

. Linear measures

Other-measures.
Applications

;Patterns and graphs-.

.,Skills
Applications

Analysis and modele

Aga

1

I

Number of items

45

,30

15

155-

25

30
30
30
40

13

15.

12,

45

15

15

15

30

ZO

10

40

15

'15

10

30

15

15

15

o

ed
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TSTATISTICAL NtAllt('' SIS SYSTEH.
OAHE Et E2 01_02 02_HEAN RATIO

VONtLS 3.79331 1.00613 2.783 0.222 0.1179
CO::503ANTS 3.812P5 ss 0.92967 2.222 0.203 0.073

SUFFIXES AND ROOTS 4.40142 P.C4550 3.359 0.261 0.078
CONTPACTIONS 3.26113 0.96" 9 2.215. 0.103 0.03.2
VIOD MEANING 4.142'16 6,57 05 3.159 0.220 0.070
22;PTEXT

sInsLa stumEs
3.47963
4.20:112

0.993 5
1.08 9

2.504
3.120

0.202
0.272 ,.

0.020
0.017

71:0 Cl TNR5E SENTENCES
pm:x.1ns

3.46451
,W415753

1.05507
1.C1712

2.411
3.090

0.224
0.1110,

0.012
0.047

1.11265 .2.624. 0.250 0.107
HAIN IDEA 'qt.:54277 1.01730 3.325 0.215 0.W.5
CAUSE AN3qFF:ECT
A10UT cmucTER

4.72079
3.84254

1.05765
1.01611

3.653.

.2.226

0.278
0.236

0.06
0 ffl54

Prci DETAI1 2.79701 1.'02259 1.770 0.211 0.119
OVERALL XEANING 2.77434 0.93722 1.853 0.151 0.032
ALPHAr.ETIZING 3.23627

4
1.03920 2.197 0.214 0.013

TA51:I OF CONTENTS 4.11222 0.97017 .3.143 0.207 0-066
CCTITIPG AND PLACE VALUE SKILL . 4.43298 1.15213 3.131 0.489 0.116
COUNTING AND PLAC2 VALUE APPLI. 2.89719 1.15444 1.743 0.31.2 0.179
BASIC FACTS OP2PATICNS 3.20732 1.65162 1.553 0.779 0.502
ADDITION MPATI2NS 3.42149 1.47793 .,.1.944 0.502 0.259
SUBTRACTICN OP:RATIONS 3.11453 1.67503 1.276 0.209 0..111
ruLTIPLxcATIon M.:RATIONS 4.3707'3 1.33740 2.924 0.522 0.175
BAST:: FACTS APPLICATICNS
An Atm strisTgAcT APPLICATIONS

2.3419
207420

1.2.2082

1.23003.
.1,113
0.974

0.362
0.3C4

0.325
0.314

MULTIPLICATIGN APPLICATIONS 2.41209 1.07589 1.236 0.225 0.168
NATURE CF Nu...152 PROP1RTIES
NATI= OF HumERs-m:y.

2.59323
2.25619

1.13024
.45538

1.413
0.801

0.317
0.537

0:224
0.733

NAT= CF Nt3:552 APPLICATIONS' 2.41961 1.13259 1.327 0.255 0.192
OCCNETRIC SKILLS
csonTRY Arr:L.14.ATions .

A2.90231
2.42554

1:34372
1.10353

1.560
1.022

0.114
0.257

0.304
0.252

LINEAR NEASUP1S o 241374 .1.14732 1:336 0.319 0.239
OTESR 1I ZASU725 O.VW191 1.23282 1.329 0.371 0.279
112ASVREE1UT APPLICATIONS 2.07,875 ,1.03181' 0.997 0.227 0.223
PATTERNS'AND tAmts 2.77336 104513 1.628' 0.253 0.120
PATTEONS Al D GRAPHS APPLICATIO

, 3.06103 1.2105 1.250 a.33(1-

'ANALYSIS AND 11009..S '207009 .4.1714 0.993
,

0.275 0.275. ,,

t
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VARMAX : ROTATED FACTOR KATRIX

FACTOR1 FACT0R2 FACTOR3 FACTOR4 FACTORS

2216 AT A.69046 0.03195 0.23224- -0.10696 0.69658
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